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A 3d Vector
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Vector Operations



Addition

Move forward in time
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Scaling

Going from velocity to position update

v
v,1  |[At v, ]

Atv = At |Vy| = |At v,

. Atv Uy _At Uy |

direction preserved



Subtraction

Compute the vector fromatob
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Vector Length and Normalization

vector length normalized vector (unit vector)
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The Dot Product

a-b=a,b, + ayby +a, b, Yields a scalar (simple number)

Super simple. Very useful!

Vector length along a given direction n:

a‘b=0 o alb



General Vector Components

Split into restitution and friction effects



The Cross Product

ax] |[bx| [aybz—bya; Yields a vector
axb=|ay|x|b,|=]a,b, — b, a,
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Create a vector that is perpendicular to two vectors



Normal of a triangle

(P2 — P1) X (P3 — p1)

(P2 = p1) X (P3 — p1)

he |(p2 — p1) X (P3 — P1)|



Orientation of Surface Meshes

Face definition:
(31211)1 (11214)1 (21314)1 (31114)

Also OK:
(11312)I (2I411)I (21314)I (41311)




Length of Cross Product
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Tetrahedral Volume




Vector Transformations



3d Matrix

capital
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|31 A3 433
a11 Q12 A13] [*1] aA11X1 + A12X2 + A13X3
AxX = |Az1 Q2 Q3| |X2| = |A21X1 + A2Xy + aAy3X3
a3zq Q3 Qz3] X3 a31X1 T A3Xy + A33X3
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1 0 O]
Ix=|0 1 0|x=X identity matrix
0 0 1.



Column Representation

d11 Q12 Q137 [X1] A11X1 T A12X7 + A13X3
Ax = |Qp1 QA Q3| |X2| = |A1X1 + AgXy + Ay3X3
31 QA3 QAz3] |X3] A31X1 T A32Xy T A33X3

AX —_ [al a2 a3] X = xlal ~+ xzaz ~+ X3a3



Columns are Axes

v '=b+Av=>b+wva +vja,+v,a;




Determinant of a 3x3 Matrix

det(A) = (a; X a,) - a;

det(A) = 1: transformation is volume conserving

det(A) = 0: not all points can be reached, inverse does not exist



3d Matrix Multiplication

Combining transformations:

B(Ax) = (BA)x = Cx

A11 Q12 Q137 |b11 D1
AB =|G1 Q2 Q3||by; by
a31 A3z A33l|b3; b3

€21 = Qp1b11 + Ay3by1 + ay3 b3q




Matrix Inverse

Transform backwards
A1 (Ax) = (A 1A)x=Ix =X

Can be computed from the entries of A.
See textbooks.

v =Av+b wmp v=A1(V —-b)



Tetrahedral Skinning
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Rigid Transforms




The Transpose
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Dot-less Dot Product

b,

al b = [ax Ay, az] by =axbx+ayby+azbz=a-b
bz dot product!
-

ql 3 = [Clx Ay az] Ay | = 832C+ a§,+ a% = |a|2
_a’Z_

vector length squared



Rigid Transformations (Rotations)

r! BLCTEE U IS ' Y

TR =T |y 1, 1] =1y [R? nper
R'R =|r, ||t Iz I3] 2 I 2 2 " I3
ry LR VI X3 PR Y

For a rigid transform:  I; -1, = 0and |r|*=1
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Edeformation = f(FTF —1) 0if not deformed



Axis and Angle

: : n
Every rotation in 3d can be expressed by
a unit vector n and a scalar angle «
a

The corresponding rotation matrix is:
R(a,n)

cosa + n2(1 — cosa) nyn, (1 —cosa) —n,sina ny,sina +n,n,(1—cosa)
= | nysina + n,n, (1 — cosa) cosa + njz,(l — cosa) —ny sina + nyn,(1 — cosa)

|—ny sina + nyn, (1 — cos a) mnysina+nyn,(1—cosa) cosa + nZ(1 — cos a)

9 values to store!



A Smaller Representation

r=an=|[ANy an, CZTLZ]T

We need sin(a) and cos(a), expensive to compute!

Better:
q = [sin(a) n, sin(a)n, sin(a)n, cos(a)]t

A gquaternion!




Working with Quaternions

Equations for
e  Multiplication
 Applying rotation to vector

| don’t know them by heart. (very few people do) ... use a library ©

var q = THREE.Quaternion () ;
var n = THREE.Vector3(1,0,0);
var alpha = 0.3;

g.setFromAxisAngle (n, alpha);
var v = THREE.Vector3(1l,2,3);
v.applyQuaternion (q)

g.multiplyQuaternions (gl, g2);



Ready to write 3d simulations!
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